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We prove the following two theorems. 
L,etn,ga3andletIr{3,..., g}. There exists an n-regular n-connected graph G such that 
for every i E (3, . . .,g}, GhasacycleofDengthiifandonlyifiEI. 
L&m, da1 andletJc{O,l,... , d}. There exists an m-connected graph H such that for 
everyiE{O,l,... , d}, H has a cycle of length v(H) - i if and only if i EJ. 
We use the notation and terminology of Bondy and Murty [l]. 
Sachs [4] showed that for every n, g 2 3 and I c (3, . . . , g}, there is a 
2-connected n-regular graph G such that for every i E (3, . . . , g}, G has a cycle 
of length i if and only if i E I. His graphs have many additional properties. 
This paper is motivated by a conjecture of HQgkvist [2]: for every n 2 2, there 
exists a hamiltonian graph on u vertices with minimum degree n and no cycles of 
length IJ - 2. This conjecture follows from the second theorem. 
1. Some lemmas 
Let x1 and x2 be vertices tzr graphs GI and G2, respectively, having the same 
degree. Let IV&) = { yi, , . . . , yi,}, i = 1,2. The graph H = (G, -x1) U (G - 
x2)“{YljlY2j~.i=1~~~~ 9 n} is said to be obtained by splicing GI at x1 with G2 at 
x2. The edges Yljy2j, j = 1, . . . , n, are said to be the edges joining GI and G2 in 
A?. The edges in E(C, -xi) U { yljy2j 1 j = 1, . . . , n} are said to be the edges in H 
corresponding to the edges in Gi, i = 1,2. 
Let X1,. . . , x,, be distinct vertices in graph G and let xi be a vertex in graph Gi 
such that d,(Xi) = d&i), i = 1, . . . , n. Let HO = G and let Hi be obtained by 
splicing Gi at xi with H,_1 at Xi, i = 1, . . . , n. Then H, is said to be obtained by 
splicing Gi at x,I into G at Xi, i = 1, . . . , n. 
References for the technique of splicing can be found in Jackson and Parsons [3]. 
Lemma 1. Let graph Gi be (ni)-connected and have girth gi, where ni, gi 2 2, 
i = 1,2. The graph H obtained by splicing G1 at x1 with G2 at x2 is (min{nl, n2})- 
connected and has girth at least min{g,, g2}. 
I%&. Suppose S c V(H) and IS] = min(n,, n2} - 1. We will show that H 4 
has a single component. Suppose S c V(G1 -x1). Since (V(GI) n Sl c nl, G1 -S 
is connected. Then H - S is connected since it is obtained y splicing G - S at x1 
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with G2 at x2= Similarly, H - S is connected when S c V(G2 -x2). Suppose 
S d V(Gi -xi), i = 1,2. Then IS n V(Gi -xi)\ s ni - 2, SO the vertices in V(Gi - 
xi)\S are in the same component of H - S, i = 1,2. Since the degree of X1 and X2 
is at least min{nl, n2}, H - S has an edge joining a vertex in V(G, - xl)\S to a 
vertex in V(G2 - X2) \S. Therefore, H - S has a single component. 
If a cycle in H only uses edges in E(Gi -Xi) then it will have length at least gi, 
i = 1,2. If a cycle C in K uses edges in both E(GI -Xl) and E(G2 -X2) then C 
uses at least gi - 2 edges in E(Gi - xi), i = 1,2, and at least two edges joining G1 
and G2 in G. Hence, r(C) 2 (gl - 2) + (g2 - 2) + 2 a min{g,, g2}. 0 
Let Gi be a graph with vertex set {X1, . . , x+,)} and let y be a vertex in graph 
G2 having degree v(G,) and neighbour set { yl, . . . , yvtG1)}. The graph K = 
(G2 - Y 1 U G U (XIYI, l l = 9 x,~G,)Y~(G,~~ is said to be a graph obtained by 
replacing y in G2 by G1. 
The proofs of the following two lemmas are routine and similar to the proof of 
Lemma 1. 
Lemnra 2. Let Gi be ni-connected and have girth gi, i = 1, 2. Then any graph K 
obtained by replacing a vertex y in G2 by G1, where d,(y) = Y(G~), is 
(min{nl + 1, n2))-connected and has girth at least min{g,, g2). 
Lemma 3. If {xl, . . . , x,) is a set of distinct vertices in an n-connected graph G, 
then G’ = G U {x} U (xxi 1 i -- 1, . . . , n} is n-connected. 
Lemma 4. FOF- every r, s, g 33, where s is even when r is even, there exists a 
(min{r, s})-connected graph Hr,s,g with girth at least g such that all vertices have 
degree r except one vertex which has degree s, and such that v(Hs,& = rs + 
1 (mod 2). 
Proof. This result is proven by induction on (g, r), where the ordered pairs are 
ordered lexicographically. 
We first construct Hr,s,3, where s is even. K, is (r - I)-connected and 
(r - I)-regular. By splicing (r - I)-connected, (r - I)-regular graphs we can 
obtain an (r - 1)connected, (r - 1).regular graph H such that v = v(H) 2 s/2 + r. 
LA Hi be a copy of H with V(Hi) = {xi19 . . . , x&}, i = 1,2. Let Hr,s,3 be the graph 
Suppose S c V(H& and ISI < min{r, s}. If S c V(H,) then the vertices in 
V(H,) U {y} are in the same component. Since each vertex in V(HJ’_;S is 
adjacent o a vertex in V(H2) U {y}, the vertices in V(H,)\S are also in this 
component. Similarly, if S s V(H2) then Hl.s,3 - S is connected. If S & V(Hi), 
i = 1,2, then V(Hi)\S is in a single component HI of Hr,s,s - S, i = 1, 2. Since 
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there are at least r edges joining vertices in Hi with vertices in Hz, Hi = Hi. Since 
d(y) = s, if y $ S then y E V(Hi). Thus, Hr,S,3 is (min{r, s})-connected when s is 
even. 
We now construct HI,S,3 when r and s are odd. Since s + r - 2 is even there 
exists an Hr,s+r-2,3. Let {xi, . . . , x~+, y,, . . . , Y~_~} be the neighbour set of the 
vertex z of degree s + r - 2 in Hr.s+r_2,3. Let 
H ?,S.3 - Wr.s+r-2.3 - 2) U 1x9 Y 1 
U{qji=l,..., s-l}U{yyJi=l,... ,r-l}U{Xy}. 
Suppose S c V(H& and ISI < min{r, s}. Since Hr,s+r-2,3 is (min{r, s})- 
connected, the vertices in V(H&\({x, y } U S) are in the same component of 
H r,s,3 - S. Since d(x) = s and d(y) = r, x and y are also in this component. Thus, 
Hr,s,3 is (min{r, s})-connected when r and s are odd. 
Suppose we wish to construct Hr,S,g, where g 2 4. By the induction hypothesis 
there is a graph Hr_-l,r_l,g with v vertices such that r.~ = (r - 1)” + 1 = r (mod 2). 
(If r = 3 let H2,2,g be a cycle of length v, where v is odd and v ag). If s is odd 
then r and v are odd, so by the induction hypothesis there is a graph Hv,S,g-l with 
vl vertices such that v1 = vs + 1 (mod 2). Let H,,S,g be the graph obtained by 
replacing each vertex of degree v in Hv,S,g-l by an Hr_-l,r-_l,g 
By Lemma 2, Hr,S.g is (min{r, s})-connected. 
If a cycle of H,,,,g is contained in one of the Hr_l,r_l,g graphs then it will have 
length at least g. If a cycle of Hr,S,g has an edge which is not in an Hr--l,r_-l,g, then 
it has at least g - 1 edges which are not in an H,_l,r_l,g, and it has at least g - 2 
edges in Hr-t.r-l,g graphs. Thus, Hy,S,g has girth at least g. 
Since v = r (mod 2) and v1 = vs + 1 (mod 2), 
v(Hr,s,g) =(v1 -l)v+1=v.sv+1=sr2+1=~r+1(mod2). Cl 
Lemma 5. For every g, n 2 3 and a Z= 2, where a s g, there exists an n-regular 
graph G,,g,(oI, where all cycles have length at least g except one cycle C which has 
length a, and where any path in Gn,g,(a) - E(C) between distinct vertices of C has 
length at least g. Also, if a = 2 then Gn,g,(oj is (n =- !)-comzectcd, and if a 2 3 then 
G n,g, {aI is n-connected. 
Proof. We prove by induction on n that there is a graph Gn,g,co) with an even 
number of vertices. 
By Lemma 4, there is a graph H3,0,g (let H3,2,g be obtained from H,,,, by 
subdividing an edge). Let G3,g, {a} be obtained by replacing the vertex of degree a 
in H 3,a,g by a cycle of length a. By Lemma 2, G3,,+) is 2-connected when a = 2 
and 3-connected when a 2 3. Also, 
W3,g.{a)) = W3,ag) + (a -1)=(3a+l)+(a-l)=O(moJ2). 
Suppose n 2 4. By the induction hypothesis there exist graphs f&-~,g,(g) and 
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G n-l.g.(a)= IAt v(Gn-I.g.{g}) = r and v(G~_~,~,(~)) = s. Since r and s are even there 
exists a graph &.g by Lemma 4. Let Gn,g,~o) be obtained from Hr,S,g by replacing 
every vertex of degree r by a Gn-l,g,(gl and replacing the vertex of degree s by 
G n-l.g.{ao)= By Lemma 2, Gn,g,(a) is (n - 1).connected when a = 2 and n-connected 
when a 2 3. Since r and s are even, V(Gn,g,(a)) is even. Cl 
Lemma 6. For every m, g Z= 3, there exists a hamiltonian (m + 1).connected graph 
H,,,g such that any non-hamiltonian cycle has length at most v(Hm,g) -g. 
proof, By Lemma 4, there exists a graph H2m,2m,g. Let x be a vertex of degree 
2m in K2m,m+l. We obtain Hm.g by splicing a K2m,m+l at x into H2m,2m,g at every 
vertex. .H,,, is (m + I)-connected by Lemma 1. 
Let ~(fi~,~,~) = c. H2m,2m,g has an Euler tour & e; l l l eki because it is 
2m-regular. Let ei = xi yj be the edge in Hm,g corresponding to ef , i = I, . . . , E. If 
1 e,, , ei,+l, eiz, ei,+l, . . . , eim, eim+l} is the set of edges joining Hh,h,g and a 
K 2m,m+l in Hm.g, then let {ti,, zj2, . . . , ri,} be the set of vertices of degree 2m in 
v&n.In+l -x). Then x1 ylz1x2 y2z2 9 l 9 x, ycz,xl is a hamiltonian cycle of H,,,g 
Let T be the set of edges in Hm.g joining H,,,,g to a Kti,m+l. We observe 
that for any cycle C of Hm,g, V(K2m,m+l -x) c_ V(C) if and only if T s E(C). 
Let E = {e,, . . . , e,} and let C be a non-hamiltonian cycle in Hm.r The set 
E\E(C) corresponds to the edge set of an eulerian subgraph H of H2m,2m,g. Since 
C is non-hamiltonian, E \ E(C) # 8, so H is nonempty. Hence, H has a cycle C’. 
C’ has at &a@ ,p edges because _&n,k,g has girth g. Then for every K2m,m+l 
spliced into Hzm,2m,g at a vertex of C’, C does not use at least two of the edges 
joining that Kti,m+l and Hzm,2m,g Thus, C misses at least one vertex in 
V(&?l,m+l -x) for each K2m,m+l spliced into H2m.2m,g at a vertex of C’. 
Therefore, v(C) s Y(H~,~) - g. 0 
Theorem I. Let n, g 33andlet2SaiCg, i=l,...,s. Thereexistsann regular 
(n - I)-connected graph Gn,g, (a,,... ,=,I with disjoint cycles Cl, . . . , C’ such that 
V(Ci) = ai, i = 1, . . . , S, all other cycles have length at least g, and any path 
between vertices in &I V(C) which does not use any edges in &I E(Ci) has 
length at lemt g. Also, if 3 = a,, i = I, . . . , s, then Gn,g, (,, ,,,. _,a,) is n-connected. 
Proof. We first prove that there exists an n-regular n-connected graph 
G n.g. {XI ,___,x,),ri with girth at least g and with a subset {x,, . . . , x,) of the vertex set 
such that d(xi, xi) 2 d, 1 s i < j s S. 
By splicing together Hn,n,g graphs from Lemma 4 we obtain a graph G with 
v(G) 2 s. By Lemma 1, G is n-connected and has girth at least g. Let 
G = Gn,g,{xl...., x,).1* 
Suppose there exists a graph Gm,g,(ri,__.,x;),+ Choose nonadjacent vertices x and 
Y in Hn.n.g We obtain G.g.~xl.....x,,,~+~ by #icing: an i-in,n.g at Y into Gn,g,{x\,...,x;).d 
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ateveryvertexxJ,i=l,. .,a,andlettingv~{x~,...,~~}ifandonlyifvi~the 
vertex x in some E?n,n,g spliced into Gn,g,(x\,___,r;),d. 
An (xi, +)-Path i #i, in Grd,g.{xl ,..., xsj.d+~ contains at least d edges correspond- 
ing to edges in Gn.g.{xj ,..., x;},d and contains at least one edge in each of the two 
Hn,n,g raphs containing Xi and xi. Therefore, d(xi, xi) 2 d + 1, 1 =S i < j s s. 
We now construct Gn,g,la ,,..., a,). In the graph Gn.g,taij from Lemma 5, choose a 
vertex xi not on the cycle Ci of length ai, i = 1, . . . , S. We obtain Gn,g, (a,,_ ,=,I by 
splicing Gn,gs+) at xi into Gn,g,tx ,,..., xs),g at Xi, for every i, 1 s i ss. 




Let C be a cycle distinct from C1, . . . , C,. If V(C) c V(G,,,+, - xf) then C is 
a cycle in C;n,g,{ai}, so v(C) ag by Lemma 5, i = 1, . . . , s. If V(C) & V(G,,g,+) - 
xi), i = 1, . . . , s, then there are at least g edges in Gn,g,(X,,...,XS),g corresponding 
to edges in E(C), so v(C) ag. 
Let P be a path from a vertex in V(Ci) to a vertex in V(Ck) which does not use 
any edges in UC1 E(Ci). If j = k then E(P) contains at least g edges correspond- 
ing to edges in Gn,g,(oi) by Lemma 5. If j # k then E(P) contains at least g edges 
corresponding to edges in Gn.g.{Xl,....XS~,~ q 
For every i, 1 s i s S, choose some xii+. E E(Ci) in Gn,g,(al,._.,as). Let 
G’ n,g,{o1....,o,) = Gn,g.{al ,..., as) - (XI,+ I i = 1, l l l 9 4. 
Lemma 7. Gk,g,{4 ,..., as) in 6 - I)-connected and has girth at least g. 
Pmof. By Lemma 5, G,,g,(ai) - {x1,x2,3 is (n - 1)connected. If we construct 
G’ ~,&{%..,4~ by splicing Gn,g,(~i} - {Xl,~2i}, i = 1, l l l 9 S, into G,g.!xl ,..., x,).g9 
Lemma 1 implies that GL,g,lo,,...,q) is (n - 1)connected. 
Since Cl,..., C, are the only cycles of length less than g in Gm,g,(al,._.,4), 
G’ 
~,&{~l,.-..%I 
has girth g. Cl 
‘Theorem 2. Let 6, m 3 1 and let (aI, . . . , a,) c (0, I, . . . , d}. TTzere exists an 
m-connected graph G such that for every j E (0, 1, . . . , d}, G has a cycle of length 
V(G) -j if and only if j E {aI, . . . 5 as). 
Proof. If {aI, . . . , a,} = 8 then let G be Km+d+> 
We now prove the theorem for the case in which {a,, . . . , a,) # 0. Five graphs, 
HI,..., Hs, are needed for the construction of G. Let Ki,i have colour classes 
1 X,X1, l l s ,Xi-_l I and {Y, yl, . . l 9 ~~-4. 
Choose a vertex y’ in Hti,2m,g. Let Ha,g be obtained by splicing a KZm,m+l at y 
into H2m,2m,g at every vertex except y’. Hk,g is (m + 1)connected by Lemma 1. 
Choose bl,. . .,b, SUCK that {bi(i=l,..., r)={ai(i=l,..., s} and 2ra 
m. l,‘~t piI = Gam,d+Z,(6,+2,...,b,+2). Let H2 be obtained by splicing H&,d+2 at y’ with 
K 2#n+1.2m+1 - {xy} at y, let H3 be obtained by splicing Hk d+2 at y’ with . 
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at y, and let H5 be obtained by splicing H&-l,d+2 at y’ 
at y. Let H4 = H:,d+2. Lemma 1 implies that Hz, H3, and 
HI as follows: an H3 at x is spliced into HI at each xki, 
1 s k < 2, 1s i < r, and an Hz at x is spliced into HI at each of its other vertices. 
Lemma 3 implies GI is m-connected, since HI, Hz and H3 are m-connected. Let 
the vertex y1 of the H3 spliced into HI at xki be denoted by uki. Let 
G2 = Gl U (~0, ~1) U {VjUk, li = 091; k = 192; i = 1, . . l 9 r). 
Since 2r 3 m, G2 is m-connected by Lemma 3. We obtain G as follows: H4 at y ’ is 
spliced into C, at v. and H5 at x is spliced into Gz at vl. Since H4, Hs and C, are 
m-connected, Lemma 1 implies G is m-connected. 
We can construct a cycle C of length v(G) - bi in a similar manner to the way 
in which we constructed a hamiltonian cycle for Hn,g in Lemma 6. The cycle C is 
constructed using an Euler tour of G2m,d+2,(b1+2 ,___,,+2~\E(Ci), and hamiltonian 
cycles of &.d+2, &+2, and 4. 
We finally show that if a cycle C of G has length I, where v(G) - d s I s v(G), 
thenf=v(G)-b,forsomei, lsisr. 
Let I$ = V(Ci - {xlix2,}) in HI, i = 1, . . . , r. Let El be the set of edges in G 
corresponding to E(Hl)\CJ;r,l E(Ci - {x~,x~~}) in HI. Let l$ be the set of edges in 
G corresponding to the set of edges E(Ci - {x,,x~~}) in HI, i = 1, . . . , r. Let E2 
be the set of all edges joining a H&,d+2 and a K2m+1,2m+l - {xy} in some H2 used 
to construct G. Let E3 be the set of all edges joining a HJn,d+2 and a 
K 2m+1,2m+1 - {xy, xyl} in some H3 used to construct G. Let E4 be the set of edges 
joining H4 and G2. Let Es be the set of edges joining H4r--l.d+2 and K4r-_1,2r+l -
{xy) in Hs. Let E6= {ukiyz+k__2 1 k = 1,2; i = 1, . . . , r} be the set of edges 
joining H5 and G2. 
Using the methods of Lemma 6 we can show that either E4c E(C) 
and V(H4 - y’) c V(C) or C misses at least d + 1 vertices in V(H4 - y 
y’) c V(C). Similarly, we can 
show that E2 U E, U Es c E(C), V(-Hs)\ {x, ~1, . . . , ~5) c V(C), and V(Hi)\ 
{x, Y,, l - -&mjEV(C)fo r every Hi, 2 s i s 3, used in the onstruction of G. 
Let E. be the set of edges joining a particular H2 to HI. Since C uses all edges 
in E2 n E(Hz), C uses exactly 2(m - i) edges in E. if and only if C misses exactly i 
vertices in (y,, . . . , yh}. Then C uses exactly 2(m - i) edges in E. if and only if 
C misses exactly i vertices in 1’(H2 - x), since C uses all vertices in V(H2)\ 
1 Y x, 1, l - - ,y&J. 
For a given uk,, where 1 s k c 2 and 1 s i s r, let F-, be the set of edges joining 
HI and the H3 spliced into HI at xk,. Let e4 and e6 be the edges in E4 and E6, 
respectively, incident with uki. Since C uses all edges in E3 n E(H:), C uses 
exactly 2(m - i) edges in F. U {e,, es, if and only if C misses exactly i vertices in 
{Y . . . , JJ~}. Then C uses exactly 2(m - i) edges in F. U {e,, e,} if and only if C 
miiies exactly i vertires in V(H3 - x), since C uses all vertices in V(l&)\ 
{ Y x, 1, l l - , y2m}* 
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We now show that El c E(C). Let E’ be the set of edges in HI corresponding 
to E1\E(C). Since C misses an even number of edges joining H1 to an Hz, H,[E’] 
has even degree at all vertices not in uE1 V;:. Hence, if E’ #0 then H,[E’] has a 
cycle D or a path P of length at least d -I- 2 by Theorem 1. Then C will miss at 
least one vertex in each Hz spliced into H1 at a vertex of D or an internal vertex 
of P. But now I s v(G) - d - 1, a contradiction. 
Since El c E(C), C uses all vertices in V(H2 -x) for each H2 spliced into HI at 
a vertex in V(H,)\u=, V;:. 
For a particular vertex w in a given set V;-\ {xii, x,}, where 1 s i s r, let e, and 
e2 be the edges in 4 joining HI to the H2 spliced into HI at w. Let EL be the set of 
edges joining this H2 to HI. Then Ek is the disjoint union of {e,, ez) and Eh n El. 
Since C uses exactly 2(m - i) edges in Ei if and only if C misses exactly i vertices 
in V(H2 -x), and since El c E(C), either {e,, e2} 5 E(C) and C uses all vertices 
in V(H2 -x), or E(C) n E. = EJ{e,, e,} and C misses exactly one vertex in 
V(H2 -x). 
For a given uki, define F e o, 4, and e6 as before. Let e3 be the edge in F. n l$. 
Since El U {e4} c E(C) and IE, U {e4}1 is odd, exactly one edge in {e,, e,} is in 
E(C). In both cases C uses 2m edges in & U {e4, e6}, so V(H3 -x) c V(C). 
Thus, for each pair of edges uliy2i_l, u2iy2i EE6, either uliyz_l, +yPi E E(C), 
4 n E(C) = 0, and C misses exactly bi vertices from the bi H2 graphs pliced into 
HI at the vertices in I$\{+, x~~}, or uliyz_-l, uayz $ E(C), l$ s E(C), and C uses 
all vertices from the H2 graphs pliced into HI at the vertices in V;:\ {xii, x~~}, for 
every i, l<i<r. 
Since Es c E(C), V(H5)\ {x, yl, . . . , y2r} E V(C), and lE6 n E(C)1 2 2, we 
have V(H5 -x) s V(C) and (E6 n E(C)1 = 2. 
Thus, I = v(G) - bi, for some i, 1 s i s r. Cl 
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